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EECS 182 Deep Neural Networks
Fall 2026 Gireeja Ranade Discussion 5

1. Understanding Newton-Schulz
Let us consider a parameter matrix W ∈ Rdout×din . Define the degree-3 odd polynomial p as:

p(W ) =
1

2

(︂
3Idout −WW T

)︂
W .

In this problem, we will study how the iteration Wk+1 = p(Wk) affects the singular values of Wk.

(a) Show that the iteration acts only on the singular values of W . i.e. if W = UΣV T is the SVD, then
show that

p(W ) = Up(Σ)V T .

Hint: First show that WW T = U(ΣΣT )UT .

Solution: First, we can show that

WW⊤ = UΣV TV ΣUT = UΣ2UT .

Substituting into P (W ) yields

p(W ) =

(︃
3

2
I − 1

2
WW T

)︃
W

=

(︄
U

(︃
3

2
I − 1

2
Σ2

)︃
UT

)︄
(UΣV T )

= U

(︃
3

2
I − 1

2
Σ2

)︃
ΣV T .

Since Σ is diagonal, the product
(︂
3
2I −

1
2Σ

2
)︂
Σ is diagonal with entries(︃

3

2
− 1

2
σ2
i

)︃
σi =

3

2
σi −

1

2
σ3
i = p(σi).

Thus,
p(W ) = U diag

(︁
p(σ1), . . . , p(σr)

)︁
V T .

(b) Write down the fixed point equation for p(x) = 3
2x−

1
2x

3. Solve for all fixed points, i.e. x∗ such that
x∗ = p(x∗).

Solution: Solving for

x =
3

2
x− 1

2
x3

yields the fixed points x = 0, 1,−1.
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(c) We define a fixed point x∗ of p(x) as locally stable if | d
dxp(x

∗)| < 1. First, convince yourself that
a stable fixed point means that the distance towards the fixed point decreases with more iterations.
Determine which fixed points of p(x) are stable and which are unstable.
Solution: We have

d

dx
p(x) =

3

2
− 3

2
x2.

which we an use to evaluate

d

dx
p(0) = 1.5 > 1 ⇒ unstable,

d

dx
p(±1) = 0 ⇒ stable.

(d) Below are plots of y = p(x) and y = x. Pick different starting points for x and show graphically how
iteration x = p(x) eventually converges to a stable fixed point.
Use “cobweb diagram" to show how x evolves over time.

Solution: A cobweb diagram is drawn as:

• Start at x0 on the x-axis.
• Draw a vertical line up to the curve y = p(x), ending at (x0, p(x0).
• Draw a horizontal line from that point to the line, ending at (p(x0), p(x0)).
• Repeat: the above traces one iteration.

You should converge rapidly to ±1.
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(e) Suppose the singular value starts as +σ. For which values of σ does it converge to +1? What does
it do for other values?
Solution: We notice that between (0,

√
3) the singular value σ will converge to 1. At σ =

√
3, we get

p(σ) = 0 so σ goes to 0, then for σ >
√
3, we get p(σ) < 0, so σ will either converge to −1 or even

diverge. Divergence occurs when |p(σ)| > |σ|, which we see occurs at σ >
√
5. At σ =

√
5, it will

oscillate between ±
√
5.

(f) Explain why this iteration can be viewed as an approximate way to make W closer to an orthog-
onal matrix (with singular values near ±1) and what we must ensure before using the iterations.

Solution: Each iteration applies the transformation p(σi) =
3
2σi −

1
2σ

3
i to each singular value σi for

W. From the above analysis, we show that the singular values will eventually converge to ±1, which is
the goal of orthogonalization.
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